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the concept of great space and Z–module  was used for the 
description of quasicrystals, objects ordered at great distances 

but without the property of translation invariance

this concept can be used when the atoms of a crystal, beyond
being periodically spaced, are located on an ordered subset of a 

Z-module

« pedagological » approach with a 1–D physical space and a 2–D great
space

then, with a 2–D physical space and a 5–D great space
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each node : two integers



square cell

[4]
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0 0
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rotation axis q

matrix representation

cos q – sin q
sin q cos q
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q = p / 2

cos p / 2 – sin p / 2

sin p / 2 cos p / 2 

0 – 1

1 0
=

0 – 1

1 0
=

n

p

– p

n
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discrete Fourier spectrum

translation invariance 

crystallographic symmetries

invariance by translation

[5]
non crystallographic symmetries

no translation invariance 

no discrete Fourier spectrum !!! 
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2-D : polygons

[1] [2]               [3]                [4]                 [6]

b / a = t t : the golden mean



[5] symmetry
2-D space

pentagon
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5 indices

S ni = 0 
i = 1, 5 

Z – module 

1, 0
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aperiodic tiling (2–D)

Sir Roger Penrose

1974  Penrose

s 

36

144

l 
108

72

2 prototiles

2 rhombus

Penrose tiling

aperiodic

Nl 
Ns

t

isomorphisme local 

symmetry [5]
local

but also possible
periodicity

support for the description of
structures whose construction

is based on the pentagon
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a Z-module of rank p in Rd of 
dimension d, (d < p) is the set of points 
x defined by 

where the basic vectors ei are 
arithmetically independent

it is isomorphic to an irrational
projection in d-dimensional space of an 
N-dimensional lattice, with N > d. 

for d = p, the Z-module is a lattice.

x = S ni eii = 1

p

cut and projection
method
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the cut and projection method

a 3-dim aperiodic icosahedral lattice can be generated by 
projection along an irrational hyperspace of the nodes of a 

periodic-cubic lattice in a 6-dim space

[5] : symmetry operation

[5] : indiscernability operation

quasicrystals

great space

Penrose and some periodic structures descibed in a 2-D space

physical space : 2-D
great space : 5-D



a quasiperiodic crystal in a d-dim
space can be viewed as a d-dim cut
of a N (> d)-dim periodic crystal,
irrationally oriented with respect

to the N-dim space

L = N-dim periodic lattice

s = (N – d)-dim atomic surface (volume )

E// = d-dim physical space which cut the
hyperspace

E//

E^

s

QC = (s * L) . E//

cut by E// of the atomic surfaces in E^

L
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(Bak 1985)



Z–module   rank 5

- isomorphous with a periodic lattice
in a great space of dimension 5

- generated by irrational projection
in the 2–dim physical space

10000

01000

0010000010

00001

{e1, e2, e3, e4, e5}

S ei = 0
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5–dim great space (n1, n2, n3, n4, n5)

R2

R’3

|1>      |2>       |3>         |4>         |5>  

x//
y//

x⟘
y⟘
z⟘

1 cosφ cos2φ cos2φ cosφ
0 sinφ sin2φ −sin2φ −sinφ
1 cos2φ cosφ cosφ cos2φ
0 sin2φ −sinφ sinφ −sin2φ

1/ 2 1/ 2 1/ 2 1/ 2 1/ 2

"

#

$
$
$
$
$
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%

&

'
'
'
'
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''

n1
n2

n3
n4
n5

2
5

=

E⟘

perpendicular space (x⟘, y⟘, z⟘)
selection of the 5–dim nodes

E//
parallel space (x//, y//) = physical space

selected nodes are projected

local [5] symmetry

apply for any structure whose description involves pentagons (icosaedrons) 
= decoration of a penrose type pattern



Dürer tiling (1525)
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- the whole pattern as a tiling of pentagons

- a multiple twinned periodic crystal
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x
||

same Z-module
built with a pentagon

(indices  S  !)

E//

F   



W origine

Dürer tiling: twin description

crystal 1

1

5

43

2

my

mx

[2]

C2mm

crystal 1
2

3
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the structure is a specific 2D decoration of a Z-
module of rank 4 that is best described as the 

projection along the main diagonal (1, 1, 1, 1, 1) 

of a primitif lattice in a space of dimension 5.

A = (2+t)1/2

B = 3t+1
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2–D space (5–D), a 2–D periodic lattice

construction of  the structure using the large space in order to get it as a 
decoration of the Z-module 

5-D             2-D   but here 2-D           1-D
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E⊥
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QC

- we call E// the physical space 1-D (2-D) which, on the 
one hand will cut the large space (2–D then 5–D) and 
on the other hand, will receive the projection of the 
nodes of large space that have been selected by the 
section

- the orientation of E// (irrational) is such that it is the 
Penrose tiling, an aperiodic tiling, which will be
generated (here, a line paved aperiodically)
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QC

- each node of the large space is decorated by an atomic
surface which is the convex enveloppe of the 
hypercube projected in E⊥

- the cutting method will drive the cutting space (which
is also the physical space) to intercept some atomic
surfaces, which will be selected to be projected on the 
physical space
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QC

great space 2-D : square 5-D : hypercubic

E// 1-D E// 2-D 

aperiodic tiling of a straight line  penrose

E⊥ 1-D E⊥ 3-D 
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shear

Λ

- For a periodic structure

shear parallel to E⊥method
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.

E⊥

E||

.

.
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cisaillement un sous réseau de Λ
est amené dans le
« plan » de coupe
E||, et l’approximant
est engendré

Λ

Λ '

shear parallel to E⊥method

- for that, we will put the vector (2) of the periodic
structure in E//

: this is the shear

and it will be sufficient to examine the projection 
obtained to recognize (or not) the phase, the nodes
corresponding to the 2 basic vectors and their
combinations, and other nodes for the atoms inside
the unit cell

- it is not obvious that all the phases can be described
like that

the resulting structure will be a periodic decoration of a Penrose type tiling (with the two rhombus)
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.
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E||
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.

x’⊥= x⊥ – ex||

x’|| = x||

– e

cisaillement
un sous réseau de Λ est
amené dans le « plan »
de coupe E||
et l’approximant est
engendré

Λ

Λ '

- this will respect the projection in E // and so we
will keep the same Z-module

- so the tessellation will sit on a periodic
assembly of the two Penrose’s rhombuses

the resulting structure will be a periodic decoration of a Penrose type tiling
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Dürer tiling: twin description

25

NZ5 = 10mm (20)                           GDürer = 2mm (4)

I = 2mm (4)

m
m

m’

20/4=5
the twin is characterized here by the invariance of 

the regular pentagon (and its inverse) : the two 

individuals share the same kind of pentagons.

twin classification (Georges Friedel, 1904)

(i) merohedral twins where the crystals share the same lattice
(ii) twins by reticular merohedry where the crystals share only a 

fraction (sublattice) of the crystal lattice

(iii) pseudo-merohedral twins or twins by reticular pseudomerohedry
where the previous

definitions are satisfied only approximately.

1 2

G1 G2

(a|t) G1

G1 (a|t)–1

G2 = (a|t) G1 (a|t)–1

2 variants

b

b

glide mirror

- H invariant group    H  =  G1 Ç G2 =  G1 Ç (a|t)  G1  (a|t)–1

- exchange operation set   e =  (a|t) G1  Ç G1 (a|t)–1

- bicrystal group (2 colors) S  =  H  È e =  H  +  e1 H
(a|t)  G1

2p/10 rotation ….
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x
0-3003 0-2002 0-1001 00000

1-2-1-13 1-1-1-12 10-1-11 11-1-10

2-1-2-23 20-2-22 21-2-21 22-2-20

0010-1

0020-2

0030-3

110-1-1

111-1-2

112-1-3

22-1-2-1

220-2-2

221-2-3

33-1-3-2

33-3-3032-3-3131-3-3230-3-33

33-2-3-1

0100-1

1100-1

0110-1

00-101

11-2-11

22-3-21

12-1-1-1

23-2-2-1

33-2-2-1

22-1-1-1

120-1-1

23-1-2-1

10-101

21-2-11

32-3-21

32-3-21
21-2-11
10-101

33-3-30
22-2-20
11-1-10
00000

+ <10000>

33-2-2-1
22-1-1-1
1100-1

23-1-2-1
120-1-1
0110-1

PERFECTLY COHERENT

- 1 pentagon row (brown)
- 3 site rows (green, blue, red) 

NO COÏNCIDENCE LATTICE

the Dürer twins, once defined in five-dimensional
space, are simple merohedral twins, in the sense of Georges Friedel, 

leaving invariant the five-dimensional lattice

(a|t)               (a|t + ar – r)

= 0
non translatory element

r

coincidence site

(a|t) r = r + T
ar + t = r + T

ar – r + t = T

0 locus

support of all the non
translatory operations

of the associated
complex
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Dürer-like structures can
easily be found using

identical regular polygons of 
order n connected by edges
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considérations sur les 
structures

→ polyedron description 

→ high compacity

WO3

structure metallique oxydes structures 

- space group
- elementary cell

- nature and coordinates (Wyckoff positions )
of atomes

- elementary polyedron MOx
- polyedron linkage

complex metallic structures 

- many complex intermetallic phases (periodic or quasi-periodic) have structures whose atoms are located
on a fraction of the nodes of a Z-module
- they will be referred as alloys based on Z-module
- they will be generated by the standard cutting method.

Alloys (quasicrystals, approximant structures, …) 



Laves rules

alloys→ spheres diameter slighty differents

metallic cations 
+

nearly free electrons

spheres stacking

structure

® highest local density
® space filling
® highest coordination
® highest symetry

tetraedron {3, 3} r = 0,78

tetrahedrontriangle

* « 2 dim » 3 dim

maximum of local density

same diametes

impossibility to fill up
the space

=
geometrical frustration 

CFC
HC r = 0,74
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metallic bond = non directional

metallic structures 



- cuboctaedron (CFC, R = 1) ≈ R = 1 
- icosaedron (R = 1 et) ≈ R = 0,902 highest compacity

tetraedra interstices 
slightly deformed

CN 12 CN 14

CN 15 CN 16

triangular faces  

complexe intermetallic phases 

icosaedric quasicrystal

icosaedric clusters in metallic glasses (SRO)
and melt alloys

icosaedron =important 
cluster for metallic

structures 30

4 Frank Kasper
polyhedra

it becomes possible to fill
space with only these slightly

`distorted tetrahedra

other possible coordinations



ruclear reacorr
(water under pressure)
316 L stainless steel

ferritic (29Cr-4Mo-Ti)

+ 550 °C 100 H
g/d interface

ico-phase ?

[5]  //  [110] I d 

FAST SOLIDIFICATION

Fe-29%Mo-12%Cr-8.5%Ti

chemical analysis

31

experimental results

Denis Carron PhD 1995
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Bragg peaks

diffuse diffusion

= [5], [10]
order at short distance

= disorder at long distance

SA diffraction (diameter 1 µm)

HREM

nanodomains of periodic crystals

high density of faults



tetrahedrally close-packed metallic phases
Laves phase

C14
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2-D tesselation
of the icosahedral

columns

best compacity

pertinent description
of the structure

local [5] symmetry

C 14 structure 
+ faultes

simulation   (JEMS)

1/1 correspondance
white spot icosahedra columns



2-D tesselation
of the icosahedral

columns

Frank-Kasper phases

C14

C15

µ

Z

ps

Laves
phases

C
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tessellation =

{triangles + rectangles}

only permitted
connections by

edges

triangular faces

longer
lenght

possible incidences

Kuo et al.

smaller
lenght

Kuo
(IMR) Shenyang

symétrie quinaire contrôle la tessélation
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phase C15

n1 + n2 + n5
n1 + n2 + n3
n2 + n3 + n4
n3 + n4 + n5
n1 + n4 + n5

a = 1 -1 0 0 0 0 0 -1 0 1 1 -1 -1 0 1 1 -1 -2 0 2 
b = 0 1 -1 0 0 1 0 0 -1 0 1  1 -1 -1 0 2 1 -1 -2  0

t t t

ne pave pas

1-100001-100
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E⊥

E||
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base x t2
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1 nm
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Tetrahedrally close-packed phases in superalloys: new phases and domain structures
observed by high-resolution electron microscopy
K. H. KUO, H. Q. YE, D. X. LI

JOURNAL OF MATERIALS SCIENCE 21 (1986) 2597-2622



disordered
region

nanodomaines

10 nm

power spectrum
pseudo [5]

hidden order:

- no translation invariance
- hidden orientationnal order (controlled by CN 12)

42
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disordered distribution, no 2-D base leads to the indexing
of all these nodes with a doublet of integer numbers !
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NiZr alloy

very complexe
twinning with

a strong relationship with
the five fold symmetry

A. Sirindil PhD thesis
B. 2018



NiZr

Cmcm
a = 0.3268 nm
b = 0.9937 nm
c = 0.4101 nm
Ni   0   0.0817 0.25
Zr   0   0.3609 0.25

c

ba

4646



projection de la structure selon [001] on reconnaît ces alignement d’hexagones formés de deux pentagones opposés 
avec un sommet  manquant et un décalage de (a + b)/2 entre deux alignements

[001] b

a

[001]
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the structure is advantageously
described as a tiling of an unique
equilateral hexagonal prototile

« discovery » of the pentagon
hidden 5-fold symmetry (local)

STEN–HAADF



b = 0-3-113

a = 0-111-1

b = 0-3-113a = 0-111-1

[001]

5-index determination of the basic vectors of the
projected cell according to [001]

5 indicies
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E⊥

structure
Penrose type Z–module decoration of NiZr
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NiCr 2mm

20/4 = 5 twins

rot p/5, mirror, …

10mm

10mm 2mm

2mm
20 4
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translation defect with
An irrational translation

possible CSL !

associated translation / Cmcm

0, 1/(2 + t), 1/2



5149



5250

dislocations, ….
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This work demonstrates that using Z-modules in direct space is an interesting and 
fruitful unifying concept as both an elegant formulation and an efficient tool to 
predict new possible defects, including interface dislocations, in structures with

hidden non crystallographic symmetries

NiZr described in a 5D space with an 
internal pentagonal hidden symmetry

this generates possible defects at the symmetry breaking induced by the
perpendicular shear when projecting back in the physical 3D space

the Frank-Kasper structures are 
described with the same Z-module
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Z-module defects in crystals
Abdullah Sirindil, Marianne Quiquandon and Denis Gratias
Acta Cryst. (2017). A73, 427–437

Merohedral twins revisited: quinary twins and beyond
Marianne Quiquandon, Denis Gratias,* Abdullah Sirindil and Richard Portier
Acta Cryst. (2016). A72, 55–61

Atomic scale analyses of Z-module defects in an NiZr alloy
Abdullah Sirindil, Raphael Kobold, Frederic Mompiou, Sylvie Lartigue-Korinek,
Loic Perriere, Gilles Patriarche, Marianne Quiquandon and Denis Gratias
Acta Cryst. (2018). A74
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The Azerbaidjan tesselations

Imam Amiraslan (Bakou)

introduction
of periodicity

periodic crystal
+

pentagonal motif
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*

=

colours  →  grey level



57

image
reconstruction with

different filters

the power spectrum

A vision in the reciprocal space
Digital Micropraph (Gatan)
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